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In this paper we study a singularly perturbed nonlinear partial differential system
which arises in the mathematical theory of superheating ﬁeld of superconductivity.
We prove that the maximum points of the magnitude of solutions are located near
the minimum point of curvature of domain boundary. This veriﬁes rigorously a result
of Chapman obtained by formal analysis regarding the location of the vortex
nucleation. We also show that the solutions exhibit boundary layers. # 2002 Elsevier
Science (USA)
Key Words: Ginzburg–Landau system; superconductivity; superheating ﬁeld;
vortices; nucleation.1. INTRODUCTION
In this paper we shall study an elliptic system which arises in the
mathematical theory of superheating field Hsh of type II superconductors.
For a type II superconductor placed in an applied magnetic ﬁeld Happl;
there are critical values HC1 ; HC2 and Hsh such that the Meissner state is
stable if Happl5HC1 ; and the mixed state is stable if HC15Happl5HC2 :
However, when HC15Happl5Hsh the superconducting state is still locally
stable, see for instance [C1, dG, K, MS]. It is interesting to explore the
transition between superconducting and mixed states, and to ﬁnd the
location of vortex nucleation, namely, the location where vortices enter the141
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PAN AND KWEK142sample when the applied ﬁeld increases to Hsh: It is believed that vortices
enter the sample through the minimum points of the boundary curvature,
see for instance [C1, C2, GO]. Chapman [C1] studied these problems using
the methods of formal analysis. Among other things, he showed that the
superconducting state becomes unstable at a certain value of the magnetic
ﬁeld which was deﬁned as the superheating magnetic ﬁeld Hsh: For a sample
occupying the half space, the superheating ﬁeld is
HshðR
2
þÞ ¼
ﬃﬃﬃﬃﬃ
5
18
r
:
Chapman also discussed the location of nucleation of instability. Consider a
superconducting cylinder with inﬁnite height. Let the axis of the cylinder is
in the x3-direction. Place it in an applied axial magnetic ﬁeld Happl ¼
ð0; 0; hÞ: The following equation was obtained in [C1] as the limiting form of
the Ginzburg–Landau model for a large value of the Ginzburg–Landau
parameter:
 l2 curl2 A ¼ ð1 jAj2ÞA in O;
A  n ¼ 0; l curlA ¼ h on @O; ð1:1Þ
where O is the cross-section of the cylinder, n is the outer normal vector of
@O; and
A ¼ ðA1ðx1; x2Þ;A2ðx1; x2ÞÞ:
l is the penetration depth of the magnetic ﬁeld. Typically we have l 1:
Using formal analysis Chapman showed that the solution A of (1.1) loses
stability when maxjAj reaches 1 ﬃﬃ
3
p ; and conjectured that the location of the
maximum points of jAj will be the points of the nucleation of vortices.
Berestycki et al. [BBC] proved that if l ¼ 1 and if A is a solution of (1.1)
satisfying
jjAjjL14
1ﬃﬃﬃ
3
p ; ð1:2Þ
then the maximum points of jAj must lie on the boundary. Chapman [C2]
further showed by formal analysis that, as l! 0; jAj reaches the maximum
value 1 ﬃﬃ
3
p at the points of largest negative curvature of the domain boundary.
In this paper we shall verify this conclusion rigorously. Without loss of
generality, we only consider the case where h > 0: Throughout this paper we
assume that the following condition holds:11We believe that the conclusion is no longer true if h is large.
VORTEX NUCLEATION OF SUPERCONDUCTIVITY 143O is a simply-connected; bounded domain in R2 of class C4;
and 05h5
ﬃﬃﬃﬃﬃ
5
18
r
: ð1:3Þ
Due to the physical background we are interested in the solution A of (1.1)
which satisﬁes (1.2). We shall explore the asymptotic behavior of the
solutions of (1.1) for small l: We shall show that the maximum points of jAj
approach the minimum point of the curvature of the domain boundary (which
is the point of largest negative curvature if the boundary has points of
negative curvature). In this paper by curvature of a planer curve we always
mean the relative curvature, so it may change sign. Note that the magnetic
vector potential and the magnetic ﬁeld are ðA1ðx1; x2Þ;A2ðx1; x2Þ; 0Þ and
ð0; 0; @1A2  @2A1Þ; respectively. However, for convenience we shall call A ¼
ðA1;A2Þ a magnetic potential and call the function H ¼ @1A2  @2A1 a
magnetic ﬁeld.
The main result of this paper is the following theorem.
Theorem 1. Assume that condition (1.3) holds and Al is the solution of
(1.1) satisfying (1.2). As l! 0; the maximum points of jAlj approach the
minimum points of the curvature of @O:
The key point of the proof of Theorem 1 is the careful analysis for the
behavior of the solution near the boundary layer, and explore the effect of
boundary curvature on the shape of the solution. To carry out the boundary
layer analysis, instead of investigating Eq. (1.1) for the magnetic potential,
we shall introduce the magnetic ﬁeld H as in [4]:
H ¼ l curlA
and study the equation for H :
l2 div½F ðl2jrH j2ÞrH  ¼ H in O;
H ¼ h on @O:
ð1:4Þ
Here the function F will be given in Section 2. We shall see (in Lemma 2.1)
that, for the solution A satisfying condition (1.2), the maximum points of jAj
coincide with the maximum points of jrH j; and
l2jjrH jj2L14
ﬃﬃﬃﬃﬃ
4
27
r
: ð1:5Þ
So Theorem 1 follows if we can prove that the maximum points of jrH j
approach the minimum points of boundary curvature. In order to prove this
PAN AND KWEK144conclusion, we shall ﬁrst show that the solution H of (1.4) and (1.5)
exhibits a boundary layer near @O; and exponentially decays away
from the layer (see Theorem 3.1). Next, we shall derive the proﬁle of
the solution up to the order OðlÞ within the boundary layer (see
Theorem 3.4). Using these information we complete the proof of
Theorem 1. Note that Theorems 3.1 and 3.4 are stated with respect to
the magnetic ﬁeld H : It is easy to translate them into the results for
the magnetic potential A:
From the variational point of view, we may deﬁne an energy functional
associated with Eq. (1.1):
E½A ¼
Z
O
l2 j curlAj2  2lh curlAþ jAj2 
1
2
jAj4
 
dx ð1:6Þ
and look for minimizers of energy E: However, we shall see in Section 4 that
E has no global minimizers; instead, the solutions satisfying (1.2) are local
minimizers.
Remarks. (1) The boundary layer phenomena stated in Theorem 3.1 are
well recognized as the Meissner effect of superconductivity (see for instance
[FP]).
(2) It would be interesting to explore if the conclusion of Theorem 1
remains true when h is a little bit larger than HscðR
2
þÞ:
(3) We should mention that the results in this paper still hold true for a
system with more general nonlinearity:
l2 curl2 A ¼ f ðjAj2ÞA;
where f satisﬁes a reasonable assumption.
For reader’s convenience, we refer to [GL] for the physical background
of Ginzburg–Landau model, and [BBH, CHO, DGP, GO, R] for
recent mathematical research. The estimates of the ﬁrst critical ﬁeld
HC1 for a bounded superconductor and the vortex nucleation with
an applied ﬁeld near HC1 have been investigated by Serfaty [S1, S2],
Sandier and Serfaty [SS]. The subcooling field Hsc was discussed by Lin and
Du [LD].
This paper is organized as follows. In Section 2, we collect
preliminary results which will be used in this paper. In Section 3, we study
the behavior of solutions as l! 0 and prove our main results. Some
further remarks will be given in Section 4, among them is a brief discussion
on the nonuniqueness of solutions of (1.1) for small h if condition (1.2)
is dropped.
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In this section we collect preliminary results on the solutions of the system
on a two-dimensional bounded domain O:
 curl2 A ¼ ð1 jAj2ÞA in O;
A  n ¼ 0; curlA ¼ h on @O: ð2:1Þ
We shall also discuss the system on the entire plane R2 and on the half-
plane R2þ:
It was observed in [C1] that, for the solutions of (2.1) satisfying (1.2), the
investigation on system (2.1) for magnetic potentials A can be reduced to an
equation for the magnetic ﬁeld H ; where
H ¼ curlA ¼ @1A2  @2A1:
The equation for H was obtained in [C1], also see [BBC,C2,LD]. For
reader’s convenience we include the details of derivation of the equation
here. In the following, we use the notation:
r?f ¼ ð@2f; @1fÞ:
For A ¼ ðA1;A2Þ we let
A? ¼ ðA2;A1Þ:
Note that curlA ¼ divA?:
From (2.1) we have
rH ¼ ð1 jAj2ÞðA2;A1Þ: ð2:2Þ
So
jrH j2 ¼ ð1 jAj2Þ2jAj2: ð2:3Þ
Let
CðuÞ ¼ uð1 uÞ2:
Computation shows that
C0ðuÞ ¼ ð1 uÞð1 3uÞ;
C0ðuÞ > 0; C00ðuÞ50 for 04u5
1
3
;
C0
1
3
 
¼ 0;
max
04u41
3
CðuÞ ¼ C
1
3
 
¼
4
27
:
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0 for 04v5 4
27
: Let
F ðxÞ ¼
1
1 FðxÞ
:
Then F ðvÞ; F 0ðvÞ and F 00ðvÞ are positive for 04v5 4
27
: Note that F 0ð 4
27
Þ ¼ þ1:
From (2.3) we have
jAj2 ¼ FðjrH j2Þ;
1
1 jAj2
¼ F ðjrH j2Þ:
Using (2.2) we get the equation for H :
div ðF ðjrH j2ÞrH Þ ¼ H in O;
H ¼ h on @O:
ð2:4Þ
Since A satisﬁes (1.2), we have
jjrH jj2L1ðOÞ4
4
27
: ð2:5Þ
It is easily seen that (2.1) together with (1.2) are equivalent to (2.4) and
(2.5). However, for reader’s convenience we include the proof below.
Lemma 2.1. Assume that O is a simply connected domain of class C3 in R2
and h50 is a constant.
(i) Let A be a solution of (2.1) satisfying (1.2). Then H ¼ curlA is a
solution of (2.4) and satisfies (2.5).
(ii) Let H be a solution of (2.4) satisfying (2.5). Then there exists a
unique vector field A which satisfies (2.1), (1.2) and curlA ¼ H :
(iii) In both cases (i) and (ii) the maximum points of jAj coincide with the
maximum points of jrH j:
Proof. We only show (ii). Since O is simply connected, there exists a
unique vector ﬁeld B such that
curl B ¼ H ; div B ¼ 0 in O;
B  n ¼ 0 on @O:
Since div B? ¼ curl B ¼ H we have
div½F ðjrH j2ÞrH þ B? ¼ 0:
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we have Q  n ¼ 0: Choose a function j such that
Dj ¼ divQ in O;
@j
@n
¼ 0 on @O:
j is unique up to an additive constant. Note that
divðQþrjÞ ¼ 0 and curlðQþrjÞ ¼ 0 in O;
ðQþrjÞ  n ¼ Q  nþ
@j
@n
¼ 0 on @O:
We claim that Qþrj  0: In fact, since O is simply connected and
curlðQþrjÞ ¼ 0 in O; there exists a function c such that Qþrj ¼ rc in
O: Since divðQþrjÞ ¼ 0 in O and ðQþrjÞ  n ¼ 0 on @O; the function c
satisﬁes
Dc ¼ 0 in O;
@c
@n
¼ 0 on @O:
Hence c  c; a constant. So Qþrj  0; i.e. Q ¼ rj:
From the above claim we have
F ðjrH j2ÞrH ¼ B?  r?j:
Let A ¼ Bþrj: Then curlA ¼ H in O; A  n ¼ 0 on @O; and
F ðjrH j2ÞrH ¼ A?: ð2:6Þ
For any x 2 %O; since jrH ðxÞj24 4
27
; there is a unique number u ¼ uðxÞ 2 ½0; 1
3

such that
CðuðxÞÞ ¼ jrH ðxÞj2 and F ðjrH ðxÞj2Þ ¼
1
1 uðxÞ
:
So
F ðjrH ðxÞj2Þ2jrH ðxÞj2 ¼
CðuðxÞÞ
ð1 uðxÞÞ2
¼ uðxÞ:
From (2.6) we have uðxÞ ¼ F ðjrH ðxÞj2Þ2jrH ðxÞj2 ¼ jAðxÞj2: Thus,
jAj4
1ﬃﬃﬃ
3
p ;
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1
1 uðxÞ
¼
1
1 jAðxÞj2
;
1
1 jAj2
rH ¼ A?:
Hence A solves (2.1). The above argument shows that such A’s are
unique. ]
We shall analyze Eq. (2.4) for H : First, the arguments in [BBC] imply the
following:
Lemma 2.2. (i) Let h > 0 and H be a solution of (2.4) satisfying (2.5).
Then
max
x2 %O
H ¼ h;
which is obtained only on @O; and 05H5h in O:
(ii) Let H1 and H2 be two smooth functions such that
divðF ðjrH1j2ÞrH1Þ5H1 and div ðF ðjrH2j2ÞrH2Þ4H2 in O;
H14H2 on @O:
Moreover, assume that H1 and H2 satisfy
jrHjðxÞj25
4
27
for all x 2 O; j ¼ 1; 2:
Then H14H2 on %O:
Next, we discuss the problem in the entire plane:
curl2 A ¼ ð1 jAj2ÞA in R2: ð2:7Þ
The information of the set of all solutions is essential for exploring the
asymptotic behavior of solutions of (1.4).
Lemma 2.3. The only C2-solution of (2.7) satisfying (1.2) is A ¼ 0:
Proof. Let A be such a solution and set H ¼ curlA: Then H satisﬁes
inequality (2.5) and the following equation:
div½F ðjrH j2ÞrH  ¼ H in R2: ð2:8Þ
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Now we show that H  0: First, we show H40 on R2: Let M ¼ supx2R2 H :
Choose a sequence of points Pj such that
lim
j!1
H ðPjÞ ¼ M and lim
j!1
rH ðPjÞ ¼ 0:
Let HjðxÞ ¼ H ðxþ PjÞ: By the elliptic estimates we can ﬁnd constants R > 0
and 05C5 4
27
such that on the closed ball %BR we have
sup
14j51
jjrHjjjL1ð %BRÞ4C; sup
14j51
jjHjjjC2það %BRÞ51:
Therefore, we can ﬁnd a subsequence such that
Hjk ! *H in C
1það %BRÞ:
*H solves (2.8) in BR; and *Hð0Þ ¼ M ¼ maxx2 %BR
*H: Applying the maximum
principle to *H we ﬁnd M40: So H40 on R2:
Similarly, we can show infx2R2 H50: Hence H  0: Then using (2.7) we
see that ð1 jAj2ÞA  0 on R2: ]
Next, we discuss the problem in the half-plane:
 curl2 A ¼ ð1 jAj2ÞA in R2þ;
@2A1 ¼ h; A2 ¼ 0 on @R
2
þ; ð2:9Þ
where h > 0 is a constant.
We ﬁrst look for a solution of (2.9) in the form AðxÞ ¼ ðf ðx2Þ; 0Þ; where
f ðtÞ is the solution of the following equation:
f 00 ¼ ð1 f 2Þf for t > 0; f 0ð0Þ ¼ h: ð2:10Þ
Associated with (2.10) is the energy functional
J½f  ¼
Z þ1
0
jf 0j2 þ f 2 
1
2
f 4
 
dt:
Recall that the solution of (2.10) satisfying jf j41 has been solved, see
[C1, dG, K]. When 04h41=
ﬃﬃﬃ
2
p
; the solution of (2.10) satisfying jf j41
can be given by
f ðtÞ ¼
ﬃﬃﬃ
2
p
coshðt þ t0Þ
;
PAN AND KWEK150where t050 is the largest value of t such that
ﬃﬃﬃ
2
p
sinhðt0Þ
coshðt0Þ
¼ h:
Nevertheless, since our discussion in this paper can be generalized to
equations with more general nonlinearity, we include the following
conclusion, which can be proved by using the standard arguments in the
theory of ordinary differential equations and can be easily generalized to
more general cases.
Lemma 2.4. (i) If (2.10) has a solution f satisfying jf ðtÞj41 for all t > 0;
then jhj4 1 ﬃﬃ
2
p :
(ii) Assume that 05h4 1 ﬃﬃ
2
p : Then (2.10) has a unique solution f ðtÞ
satisfying jf j41: Moreover, f ðtÞ > 0; f 0ðtÞ50 for all t > 0; and
jjf jjL1ðRþÞ ¼ jf ð0Þj ¼ ½1 ð1 2h
2Þ1=21=2;
jjf 0jjL1ðRþÞ ¼ jf
0ð0Þj ¼ jhj;
jjf 00jj2L1ðRþÞ ¼ jf
00ð0Þj2 ¼ ½1 ð1 2h2Þ1=2ð1 2h2Þ;
J½f  > 0:
Outline of Proof. We only consider the case where h > 0: We can easily
show that ff 0=0: Hence f 050 and f > 0: Let EðtÞ ¼ f 02ðtÞ  f 2ðtÞ þ 12 f
4ðtÞ:
We can show that EðtÞ  0: Hence f 0 ¼ f ð1 1
2
f 2Þ1=2: Integrating the
equation we get
Z 1
0
f 02 dt ¼
Z 1
0
f ðf 3  f Þ dt  f ð0Þh:
Since f ð0Þh > 0; we ﬁnd
J½f  ¼
Z 1
0
f 02 þ f 2 
1
2
f 4
 
dt ¼
1
2
Z 1
0
f 4 dt þ f ð0Þh > 0: ]
Note that jjf jjL1ðRþÞ ¼
1 ﬃﬃ
3
p when h ¼ ﬃﬃﬃﬃ5
18
q
: Also note that the uniqueness
for (2.10) is no longer true without the restriction jf j41: To see this, let
wðtÞ ¼
ﬃﬃ
2
p
coshðtÞ: When 05h5
1 ﬃﬃ
2
p ; there exist exactly two values of t; 05t15t2;
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wðt þ t1Þ is a solution of (2.10) with the maximal value being larger
than 1: Also, note that wðt  t1Þ and wðt  t2Þ solve (2.10) on ½0;þ1Þ; but
they have maximum value
ﬃﬃﬃ
2
p
:
Now we return to (2.9).
Proposition 2.5. Assume that
jhj4
ﬃﬃﬃﬃﬃ
5
18
r
: ð2:11Þ
Then (2.9) has a unique solution A satisfying (1.2). Moreover, A ¼ ðf ðx2Þ; 0Þ;
where f ðtÞ is the unique solution of (2.10) satisfying jf j51:
Proof. Let A be a solution of (2.9) satisfying (1.2). Let H ¼ curlA: Then
H satisﬁes inequality (2.5) and the following equation:
div½F ðjrH j2ÞrH  ¼ H in R2þ;
H ¼ h on @R2þ:
ð2:12Þ
By the standard elliptic estimates we see that H is uniformly bounded on R2þ:
On the other hand, let f be the unique solution of (2.9) such that jf j41: Let
H0ðx2Þ ¼ f 0ðx2Þ:
Then H0ðx2Þ also solves (2.12). Under condition (2.11), jH 00j attains its
maximum only on @R2: We shall show that H  H0:
In the following, we prove H4H0: Let w ¼ H0  H : We show w50: If this
is not true, we have infx2R2þ
w ¼ m50: We shall deal with two cases.
Case 1. Assume that w attains its minimum m at a point P : From the
boundary value condition we see that P is an interior point. Hence rwðP Þ ¼
0; i.e. jrH ðP Þj2 ¼ jrH0ðP Þj
25 4
27
: Hence F 0ðjrH ðP Þj2Þ > 0: Using the argu-
ment in [BBC] we reach a contradiction.
Case 2. Assume w does not attain its minimum. Let fPjg be any
sequence such that wðPjÞ ! m as j!1: Since w ¼ 0 on @R
2
þ and jrwj is
bounded, we see that
inf
14j51
distanceðPj; @R
2
þÞ > 0:
Hence we can choose a subsequence, still denoted by fPjg; such that
lim
j!1
wðPjÞ ¼ m; lim
j!1
rwðPjÞ ¼ 0; and distanceðPj; @R
2
þÞ5e0 > 0:
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ﬃﬃﬃﬃ
4
27
q
; such that jrH0ðPjÞj24C:
Let HjðxÞ ¼ H ðPj þ xÞ and H0;jðxÞ ¼ H0ðPj þ xÞ: Then, after passing to a
subsequence again, we have
Hj ! *H and H0;j ! *H0 in C1þaloc
and limj!1 distanceðPj; @R
2
þÞ exists (which is either ﬁnite or þ1). If the
limit is ﬁnite, then both *H and *H0 are solutions of (2.12) in the half-plane. If
the limit is þ1; then both *H and *H0 satisfy Eq. (2.8) in the entire plane. Let
*w ¼ *H0  *H: Then *w attains its minimum at P ¼ 0: As in Case 1 we reach a
contradiction again.
Now we have proved w50; i.e. H4H0: Similarly, we show H04H : So
H  H0: Hence the solution of (2.12) is unique. Then, using the argument in
Lemma 2.1 (part (ii)), we derive that the solution of (2.9) satisfying (1.2) is
unique. ]
Corollary 2.6. Eq. (2.12) has a solution H satisfying (2.5) if and only if
(2.11) holds.
If the condition holds, then the unique solution is H0ðxÞ ¼ f 0ðx2Þ; where f
was given in Lemma 2.4. Moreover,
sup
x2R2þ
jrH0j2 ¼ MðhÞ  ½1 ð1 2h2Þ
1=2ð1 2h2Þ: ð2:13Þ
3. ELLIPTIC ESTIMATES
In this section we discuss the solutions of (1.4). The main results in this
section are the exponential decay estimate (Theorem 3.1) and the boundary
layer analysis (Theorem 3.4).
Theorem 3.1 (Exponential decay). Assume that condition (1.3) holds.
Then for all small l > 0; Eq. (1.4) has a unique solution H l satisfying (1.5).
Moreover, there exists g > 0 independent of l such that
jH lðxÞj42egdðxÞ=ljjHljjL1ðOÞ; ð3:1Þ
where dðxÞ ¼ distanceðx; @OÞ:
Before proving Theorem 3.1 we recall the following result from [BBC]:
Lemma 3.2. For any bounded smooth domain O and any number l > 0;
there is a constant hnðlÞ > 0 such that, for all 04h5hnðlÞ; Eq. (1.4) has a
unique solution H satisfying (1.5), and jrH j reaches its maximum only on @O:
VORTEX NUCLEATION OF SUPERCONDUCTIVITY 153When h ¼ hnðlÞ; (1.4) has a unique solution H such that
l2 max
x2 %O
jrH j2 ¼
4
27
ð3:2Þ
and the maximum value is obtained only on @O:
The uniqueness of the solutions of (1.4) when jhj5hn was shown in [BBC].
Note that the same argument works as well for the case jhj ¼ hn: In fact,
when h ¼ hn; there is a solution H of (1.4) such that (3.2) holds, and the
maximum value is obtained only on @O; i.e. l2jrH j25 4
27
for all x 2 O: Then
we can use the comparison in O to prove the uniqueness, see the proof of
Proposition 2.5 in Section 2.
Now we estimate the value hnðlÞ for small l:
Lemma 3.3. For any bounded, smooth, simply connected domain O we
have
lim inf
l!0
hnðlÞ5
ﬃﬃﬃﬃﬃ
5
18
r
:
Proof. Fix a positive number M05 427: Let flng be any sequence of
positive numbers such that ln ! 0: For each n > 0 there exists hn; 05hn5
hnðlnÞ; such that for h ¼ hn (1.4) has a unique solution Hn which satisﬁes
max
x2 %O
l2njrHnj
2 ¼ M0:
Hence, there exists C > 0 depending only on M0 such that, for all x 2 %O and
n51;
F 0ðl2njrHnðxÞj
2Þ4C:
Choose Pn 2 %O such that
jrHnðPnÞj ¼ max
x2 %O
jrHnj:
Then Pn 2 @O: Passing to a subsequence we may assume that limn!1 hn ¼ *h:
Deﬁne *HnðyÞ ¼ HnðPn þ lnyÞ: Using the C1þa estimate we can pass to a
subsequence, still denoted by *Hn; such that *Hn ! *H in C1þaloc ; *H is a solution
of (2.12) on the half-plane, and
sup
x2R2þ
jr *H j2 ¼ jr *Hð0Þj2 ¼ M0:
PAN AND KWEK154From the uniqueness result (see Proposition 2.5), *H ¼ f 0ðx2Þ and *Hð0Þ ¼
*h: From Corollary 2.6 we have
M0 ¼ sup
x2R2þ
jr *H j2 ¼ Mð *hÞ5
4
27
;
where the function MðÞ was given in (2.13). Note that the function MðÞ is
strictly increasing on ½0;
ﬃﬃﬃﬃ
5
18
q
: So MðÞ has an inverse function hðMÞ deﬁned
for 04M4 4
27
; and hðMÞ is strictly increasing. Thus,
*h ¼ hðM0Þ4h
4
27
 
4
ﬃﬃﬃﬃﬃ
5
18
r
:
Since the solution of the limiting equation is unique, the full sequence must
converge. So limn!1 hn ¼ *h ¼ hðM0Þ: Therefore
lim inf
l!0
hnðlÞ5 lim
n
hn ¼ hðM0Þ:
Now we let M0 approach 427: Noting that hð
4
27
Þ ¼
ﬃﬃﬃﬃ
5
18
q
; we ﬁnd
lim inf
l!0
hnðlÞ5
ﬃﬃﬃﬃﬃ
5
18
r
: ]
Proof of Theorem 3.1. From Lemma 3.2 we see that, for any jhj4hnðlÞ;
Eq. (1.4) has a unique solution H l which satisﬁes (1.5). We shall show that
H l satisﬁes estimate (3.1). We shall follow the idea of Fife [Fe]. Without loss
of generality we assume h > 0: Fix x0 2 O and let R ¼ dðx0Þ: Then the ball
BRðx0Þ  O: Denote r ¼ jx x0j and M ¼ jjHljjL1ðOÞ: Fix a positive constant
c1 such that 05c15 427: Choose m > 0 so small that
ðlmMÞ25c15
4
27
:
Then we deﬁne a test function V by
V ðxÞ ¼ M
coshðmrÞ
coshðmRÞ
:
In the ball BRðx0Þ we have
l2div½F ðl2jrV j2ÞrV 
¼ l2m2V ðrÞ F ðl2V 02Þ þ 2l2V 02F 0ðl2V 02Þ þ
F ðl2V 02ÞV 0
rV 00

 
4c2l
2m2V ;
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c2 ¼ max
04t4c1
½F ðtÞ þ 2tF 0ðtÞ þ F ðc1Þ sup
05x51
sinhðxÞ
x coshðxÞ
:
Choose a number g such that 05g5 1ﬃﬃﬃ
c2
p ; and let m ¼ gl: Then we have
l2 div ½F ðl2jrV j2ÞrV 5V in BRðx0Þ;
V5H l on @BRðx0Þ:
Using Lemma 2.2 (part (ii)) on BRðx0Þ; we get H l4V on BRðx0Þ: Especially,
we have
Hlðx0Þ4V ðx0Þ ¼
M
coshðgRl Þ
:
So (3.1) holds when jhj4hnðlÞ: Using Lemma 3.3 we see that, under
condition (1.3), inequality (3.1) holds for all small l > 0: ]
Theorem 3.1 indicates that, as l! 0; the solution H l of (1.4) exhibits a
boundary layer on @O and exponentially decays away from the layer. In the
following, we shall carry out detailed analysis on the behavior of solutions in
the boundary layer.
Let us ﬁrst recall some facts given in [LP1, LP2] related to a
diffeomorphism which straightens a portion of the boundary. Let @O be
represented as z ¼ zðsÞ; s being the curve length, 04s4L: Let tðsÞ ¼
ðt1; t2Þ ¼ z0ðsÞ be the unit tangent vector and nðsÞ ¼ ðn1; n2Þ be the unit outer
normal vector such that ðn; tÞ is coincident with the orientation of the x1x2-
coordinates. Let kr denote the curvature of @O under the given orientation.
The mapping
x ¼Fðs; tÞ ¼ zðsÞ  tnðsÞ
determines a transformation of coordinates from D ¼ fðs; tÞ : 04s4L; 05
t5mg to an one-sided neighborhood of @O; and FðGÞ ¼ @O, where
G ¼ fðs; 0Þ : 04s4Lg. F also determines a metric on %O with gðs; tÞ ¼
jdetDFj ¼ 1 tkrðsÞ: In the following, we shall use the notations y1 ¼ s;
y2 ¼ t; y ¼ ðy1; y2Þ; @j ¼ @@yj; and e1 ¼ t; e2 ¼ n:
For a given vector ﬁeld AðxÞ; we deﬁne a new vector ﬁeld a associated with
A by
aðyÞ ¼ a1ðyÞe1 þ a2ðyÞe2;
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a1ðyÞ ¼ gðyÞAðFðyÞÞ  e1ðyÞ; a2ðyÞ ¼ AðFðyÞÞ  e2ðyÞ:
Then we have
curlAðxÞ ¼
1
g
ð@1a2  @2a1Þ;
divAðxÞ ¼
1
g
@1
a1
g
 
þ @2ðga2Þ

 
;
curl2 AðxÞ ¼ @2
@1a2  @2a1
g
 
e1 
1
g
@1
@1a2  @2a1
g
 
e2:
Let A be a solution of (1.1) and a be the vector ﬁeld associated with A:
Deﬁne
H ¼ l curlA ¼
l
g
ð@1a2  @2a1Þ;
GðaÞ ¼ jAj2 ¼
a1
g
 2
þja2j2;
jryH j
2
g ¼
j@1H j2 þ j@2H j2
g2
;
gradg H ¼
@1H
g
e1 þ ð@2H Þe2;
ryðq1e1 þ q2e2Þ ¼ @1q1 þ @2q2:
Then Eq. (1.1) is transformed to the following system:
l2@2
@1a2  @2a1
g
 
¼ ½1 GðaÞa1;
l2@1
@1a2  @2a1
g
 
¼ ½1 GðaÞga2 in D;
 l@2a1 ¼ h; a2 ¼ 0 on G: ð3:3Þ
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l2jryH j2g ¼ ½1 GðaÞ
2GðaÞ:
So Eq. (1.4) can be written as
l2ry ½F ðl
2jryH j
2
gÞ gradg H  ¼ gH in D;
H ¼ h on G:
In the following, we ﬁx h such that 05h5
ﬃﬃﬃﬃ
5
18
q
: Let Al denote the solution of
(1.1) satisfying (1.2), and al the vector ﬁeld associated with Al: Let
Hl ¼ l curlAl ¼
l
g
ð@1al2  @2a
l
1Þ:
Theorem 3.4 (Boundary layer analysis). Assume that condition (1.3)
holds and let Hl be the unique solution of (1.4) satisfying (1.5). Let P l be any
point on @O and in the new coordinates we write P l ¼ ðyl1 ; 0Þ: Then we have
H lðyl1 þ ly1; ly2Þ  H0ðy2Þ  lkrðy
l
1Þuðy2Þ ¼ oð1Þ in C
1þa
loc as l! 0: ð3:4Þ
Especially, we have
j@2H lðyl1 ; 0Þj
2 ¼
1
l2
fjf 00ð0Þj2  2lkrðyl1 Þf
00ð0Þu0ð0Þ þ oðlÞg: ð3:5Þ
Here kr is the curvature of @O; f is the solution of (2.10), H0ðxÞ ¼ f 0ðx2Þ; and
u is the solution of Eq. (3.18) below.
The proof of Theorem 3.4 consists of a few lemmas.
Lemma 3.5. For any R > 0 we have
lim
l!0
max
04y2lR
H lðy1; y2Þ  H0
y2
l
   ¼ 0;
where H0ðxÞ ¼ f 0ðx2Þ was given in Corollary 2.6.
Proof. Let fðyl1 ; y
l
2 Þg be any sequence such that 04y
l
24lR: We shall
discuss the behavior of the solution H l around the ‘‘blow-up point’’ ðyl1 ; y
l
2Þ:
For the solution Hl and the metric function g given above, we deﬁne the
rescaled functions Hl and gl as follows:
HlðyÞ ¼ H lðyl1 þ ly1; y
l
2 þ ly2Þ;
glðyÞ ¼ gðyl1 þ ly1; y
l
2 þ ly2Þ; ð3:6Þ
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ry ½F ðjryHlj
2
gl Þ gradgl Hl ¼ glHl in Dl;
Hl ¼ h on Gl;
ð3:7Þ
where Dl and Gl are the rescaled sets of D and G: For example,
Dl ¼
y1  yl1
l
;
y2  yl2
l
 
: ðy1; y2Þ 2 D
 
:
Since h5
ﬃﬃﬃﬃ
5
18
q
; from the proof of Lemma 3.3 we see that there exist constants
C0 and C1 with 05C05 427; such that
jrHlj
24C0; 05F 0ðjrHlj2Þ4C1: ð3:8Þ
By the elliptic estimates we can ﬁnd a subsequence such that
Hlj ! H in C
1þa
loc
and
F ðjrHlj j
2Þ ! F ðjrH j2Þ in Caloc as j!1;
where H is a solution of (2.12), and jrH j24C05 427: By the uniqueness result
(see Corollary 2.6) we have H  H0: Uniqueness of the limit also implies
that the full sequence must converge, i.e. Hl ! H0 in C1þaloc as l! 0: So the
conclusion is true. ]
Now we ﬁx a sequence fðyl1 ; 0Þg of points on G: Without loss of generality,
we may assume that liml!0 yl1 ¼ y
0
1 : For this choice of ‘‘blow-up points’’, we
deﬁne the rescaled function Hl and gl as in (3.6). Lemma 3.4 says that the
difference Hl  H0 is small for all small l: We shall show that it is of order
OðlÞ: So we introduce a function wl as follows:
Hl ¼ H0 þ lwl:
Lemma 3.6. wl converges as l! 0:
Proof. Using (3.7) we obtain the equation for wl:
@1½a1@1wl  @2½a2@2wl þ glwl ¼ @2½H 00F1 þ F2 in Dl;
wl ¼ 0 on Gl;
ð3:9Þ
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a1 ¼
1
gl
F ðjrHlj
2
gl Þ; a2 ¼ F ðjrHlj
2
glÞ;
F1 ¼
1
l
½F ðjrHlj
2
gl Þ  F ðjH
0
0j
2Þ; F2 ¼ y2krðyl1 þ ly1ÞH0ðy2Þ:
Claim 1. There exists C ¼ CðhÞ > 0 such that
jjwljjL1ðDlÞ4CðhÞ for all small l > 0:
Proof. Recall that both Hl and H0 exponentially decay away from the
boundary. So does lwl: Choose a point zl such that wlðzlÞ ¼ max %Dl wl:
Then zl lies in the region where Eq. (3.9) is valid. Since rwlðzlÞ ¼ 0 and
D2wlðzlÞ40; we have, at the point zl; the following inequality:
@2½H 00F1 þ F2 ¼ @1½a1@1wl  @2½a2@2wl þ glwl5glwl: ð3:10Þ
Now, we estimate the left-hand side of (3.10). Since rwlðzlÞ ¼ 0; at zl we
have jrHlj2 ¼ jH 00j
2; and
lF1 ¼ F ðg2l jH
0
0j
2Þ  F ðjH 00j
2Þ ¼ F 0ððg2l xþ 1 xÞjH
0
0j
2Þðg2l  1ÞjH
0
0j
2;
where x ¼ xðzl; lÞ lies between 0 and 1: Since jrHlj2 ¼ jH 00j
24C05 427 and
gl ¼ 1þ OðlÞ; we have
ðg2l xþ 1 xÞjH
0
0j
24C0 þ OðlÞ:
Hence
F 0ððg2l xþ 1 xÞjH
0
0j
2ÞjH 00j
24C:
Therefore
F1ðzlÞ ¼ Oð1Þ uniformly in l: ð3:11Þ
Also because rwlðzlÞ ¼ 0; we have
@2ðjHlj2Þ ¼ 2l
2@1wl@12wl þ 2ðH 00 þ l@2wlÞðH
00
0 þ l@22wlÞ
¼ 2H 00H
00
0 þ 2lH
0
0@22wl;
@2ðg2l jrHlj
2
glÞ ¼ g
2
l @2ðjHlj
2Þ  2g3l jrHlj
2@2gl
¼ 2H 00H
00
0 þ 2lg
2
l H
0
0@22wl þ OðlÞ:
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l@2F1ðzlÞ ¼ F 0ðg2l jH
0
0j
2Þ@2ðg2l jrHlj
2
gl Þ  F
0ðjH 00j
2Þ@2ðjH 00j
2Þ
¼ F 0ðg2l jH
0
0j
2Þ½2H 00H
00
0 þ 2lg
2
l H
0
0@22wl þ OðlÞ  F
0ðjH 00j
2Þ@2ðjH 00j
2Þ
¼ ½F 0ðg2l jH
0
0j
2Þ  F 0ðjH 00j
2Þ2H 00H
00
0 þ 2lg
2
l H
0
0@22wlF
0ðg2l jH
0
0j
2Þ þ OðlÞ
¼ F 00ððZg2l þ 1 ZÞjH
0
0j
2ÞjH 00j
2ðg2l  1Þ2H
0
0H
00
0
þ 2lg2l H
0
0@22wlF
0ðg2l jH
0
0j
2Þ þ OðlÞ
¼ 2lg2l H
0
0@22wlF
0ðg2l jH
0
0j
2Þ þ OðlÞ;
where Zl ¼ Zðzl; lÞ lies between 0 and 1: Since @22wl40; we have
H 00@2F1ðzlÞ ¼ 2g
2
l jH
0
0j
2@22wlF
0ðg2l jH
0
0j
2Þ þ OðlÞ4OðlÞ: ð3:12Þ
Combining (3.11) and (3.12), we ﬁnd that
@2½H 00F1ðzlÞ ¼ Oð1Þ uniformly in l: ð3:13Þ
On the other hand, F2 is uniformly bounded. From (3.10) and (3.13) we
conclude that maxy2 %Dl wl4C:
Similarly, we can also show that miny2 %Dl wl5 C: So Claim 1 is
proved. ]
Claim 2. fwlg is uniformly bounded in C1þaloc ð %DlÞ:
Proof. Write Eq. (3.9) in the following form:
@1½A1ðx;rwlÞ þ @2½A2ðx;rwlÞ  glwl þ F2 ¼ 0 in Dl;
w ¼ 0 on Gl;
ð3:14Þ
where
A1ðx;rwlÞ ¼ a1@1wl ¼ F ðjrHlj
2
gl Þ
@1wl
gl
;
A2ðx;rwlÞ ¼ a2@2wl þ H 00F1 ¼ F ðjrHlj
2
glÞ@2wl þ
H 00
l
½F ðjrHlj
2
glÞ  F ðjH
0
0j
2Þ:
We shall show that the C1þa elliptic estimation is valid for (3.14).
For x 2 Dl and x ¼ ðx1; x2Þ 2 R
2; we write
pðxÞ ¼
1
g2l
½l2x21 þ ðH
0
0 þ lx2Þ
2; Bðx; xÞ ¼ F ðpðxÞÞ;
A1ðx; xÞ ¼
1
gl
Bðx; xÞx1; A2ðx; xÞ ¼ Bðx; xÞx2 þ
1
l
½Bðx; xÞ  F ðjH 00j
2ÞH 00:
VORTEX NUCLEATION OF SUPERCONDUCTIVITY 161Note that pðxÞ; Bðx; xÞ and Ajðx; xÞ depend on l: Recall that estimate (3.8) for
jrHlj is valid for all small l > 0: Let C0 and C1 be the numbers given in (3.8).
Choose C00 such that C05C
0
05
4
27: From (3.8) we have, for all small l > 0;
pðrwlÞ ¼ jrHlj
2
gl5C
0
0:
Let Rl ¼ fx 2 R
2 : pðxÞ4C00g: There exists C
0
1 > C1 such that, for all x 2 Rl
we have
05F 0ðpðxÞÞ4C01 and F ðpðxÞÞ ¼
1
1 FðpðxÞÞ
5
3
2
: ð3:15Þ
We shall show that there exists a constant C2 such that, for all x 2 Dl;
x 2 Rl; Z 2 R
2 and small l > 0; it holds that
@Ai
@xj
ðx; xÞ

4C2; @Ai@xj ðx; xÞ

4C2;
X2
i;j¼1
@Ai
@xj
ðx; xÞZiZj5jZj
2: ð3:16Þ
The ﬁrst two inequalities are obviously true. We show the third one. By
computations we have
@B
@x1
¼ 2l2g2l x1F
0ðP ðxÞÞ;
@B
@x2
¼ 2lg2l ðH
0
0 þ lx2ÞF
0ðpðxÞÞ;
@A1
@x1
¼ g1l Bðx; xÞ þ
2l2
g2l
x21F
0ðpðxÞÞ

 
;
@A1
@x2
¼ 2lg3l x1ðH
0
0 þ lx2ÞF
0ðpðxÞÞ;
@A2
@x1
¼ 2lg2l x1ðH
0
0 þ lx2ÞF
0ðpðxÞÞ;
@A2
@x2
¼ Bðx; xÞ þ 2g2l ðH
0
0 þ lx2Þ
2F 0ðpðxÞÞ;
:PAN AND KWEK162I 
X2
i;j¼1
@Ai
@xj
ðx; xÞZiZj ¼ Bðx; xÞ½Z
2
1g
1
l þ Z
2
2 þ 2l
2g2l x
2
1Z
2
1F
0ðpðxÞÞ
 ½g1l 
1
4
ðg1l þ 1Þ
2 þ 2g2l F
0ðpðxÞÞ
1
2
lx1Z1ðg
1
l þ 1Þ þ ðH
0
0 þ lx2ÞZ2

 2
Recall that F 0ðpðxÞÞ > 0 and
g1l 
1
4
ðg1l þ 1Þ
2 ¼ 
l2
4
g2l y
2
2k
2
r ðly1Þ:
Using (3.15) we have, for x 2 Rl and small l > 0;
I5Bðx; xÞ½Z21g
1
l þ Z
2
2  2l
4g4l y
2
2k
2
r ðly1Þx
2
1Z
2
1F
0ðpðxÞÞ
¼ ½F ðpðxÞÞ  2l4g3l y
2
2k
2
r ðly1Þx
2
1F
0ðpðxÞÞZ21g
1
l þ Bðx; xÞZ
2
25jZj
2:
So (3.16) is veriﬁed. Hence the standard C1þa estimates apply to Eq. (3.14).
Now we use Claim 1 and apply the C1þa estimates to conclude that
jjwljjC1það %DlÞ is uniformly bounded for all small l: Claim 2 is proved. ]
Return to the proof of Lemma 3.6. From Claim 2, we can ﬁnd a
subsequence fwlng such that wln ! w in C
1þa
loc as n!1: w satisﬁes the
following equation in R2þ:
@1½F ðjH 00j
2Þ@1w þ @2½ðF ðjH 00j
2Þ þ 2jH 00j
2F 0ðjH 00j
2ÞÞ@2w
 wþ 2 %kr@2½y2H 030 F
0ðjH 00j
2Þ þ %kry2H0 ¼ 0;
where %kr ¼ krðy01Þ and y
0
1 ¼ liml!0 y
l
1 : In the following discussion we may
assume that %kr=0: Introduce a function u by
w ¼ %kru:
Then u satisﬁes
@1½F ðjH 00j
2Þ@1u þ @2½ðF ðjH 00j
2Þ þ 2jH 00j
2F 0ðjH 00j
2ÞÞ@2u
 uþ 2@2½y2H 030 F
0ðjH 00j
2Þ þ y2H0 ¼ 0 in R
2
þ;
u ¼ 0 on @R2þ; ð3:17Þ
It is easy to see that the bounded solution of (3.17) is unique. Hence the full
sequence must converge: wl ! %kru in C1þaloc as l! 0:
Obviously, (3.17) has a solution which only depends on y2: From the
uniqueness of bounded solutions we see that u depends only on y2:
VORTEX NUCLEATION OF SUPERCONDUCTIVITY 163Replacing y2 by t; the equation for uðtÞ is

d
dt
ðqðtÞu0Þ þ u ¼ F3ðtÞ for t > 0; uð0Þ ¼ 0; ð3:18Þ
where
qðtÞ ¼ F ðjH 00ðtÞj
2Þ þ 2jH 00ðtÞj
2F 0ðjH 00ðtÞj
2Þ;
F3ðtÞ ¼ 2
d
dt
½tH 00ðtÞ
3F 0ðjH 00ðtÞj
2Þ þ tH0ðtÞ: ð3:19Þ
The proof of Lemma 3.6 is complete. ]
Now we study the solution of (3.18).
Lemma 3.7. Let 05h5
ﬃﬃﬃﬃ
5
18
q
and let uðtÞ be the solution of (3.18). Then
u0ð0Þ > 0:
Proof. Note from (3.19) that the solution u of (3.18) depends on H0:
Recall that H0ðtÞ ¼ f 0ðtÞ and H 00ðtÞ ¼ f
00ðtÞ; where f is the unique
solution of (2.10). From (2.10) we have H 020 ¼ f
002 ¼ ð1 f 2Þ2f 2 ¼ Cðf 2Þ:
Hence f 2 ¼ FðH 020 Þ: The functions F and C were deﬁned in the beginning of
Section 2. Let
a ¼ f 2 ¼ FðjH 00j
2Þ; b ¼ jH 00j
2 ¼ Cðf 2Þ:
We have
F ðjH 00j
2Þ ¼ F ðbÞ ¼
1
1 FðbÞ
¼
1
1 f 2
;
F 0ðjH 00j
2Þ ¼ F 0ðbÞ ¼
1
ð1 FðbÞÞ2C0ðaÞ
¼
1
ð1 f 2Þ3ð1 3f 2Þ
;
qðtÞ ¼ F ðjH 00j
2Þ þ 2jH 00j
2F 0ðjH 00j
2Þ ¼ F ðbÞ þ 2bF 0ðbÞ ¼
1
1 3a
¼
1
1 3f 2
;
tH 030 F
0ðjH 00j
2Þ ¼ tH 00bF
0ðbÞ ¼ tf 00
a
ð1 aÞð1 3aÞ
¼ 
tf 3
1 3f 2
;
F3 ¼ 2
d
dt
½tH 00ðtÞ
3F 0ðjH 00ðtÞj
2Þ þ tH0ðtÞ ¼ 
tf 3
1 3f 2
 tf 0:
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
d
dt
u0
1 3f 2

 
þ u ¼ 2
d
dt
tf 3
1 3f 2

 
 tf 0; uð0Þ ¼ 0: ð3:20Þ
From (3.20) we can show that uðtÞ exponentially decays to 0 as t !1:
Let
yðtÞ ¼ 
Z 1
t
½uðsÞ þ sf 0ðsÞ ds; i:e: y0 ¼ uþ tf 0: ð3:21Þ
Then Eq. (3.20) can be written as
d
dt
y00  ðtf 0Þ0
1 3f 2
 y 
2tf 3
1 3f 2

 
¼ 0:
Hence there exists a constant c such that
y00  ðtf 0Þ0
1 3f 2
 y 
2tf 3
1 3f 2
 c:
Note that y exponentially decays as both u and f do. Hence c ¼ 0; i.e.
y00  ðtf 0Þ0
1 3f 2
 y 
2tf 3
1 3f 2
¼ 0:
That is,
y00  ð1 3f 2Þy ¼ 2tf 3 þ ðtf 0Þ0; y0ð0Þ ¼ 0: ð3:22Þ
From (3.21) and (3.22) we see that
u0ð0Þ ¼ y00ð0Þ  ðtf 0Þ0ð0Þ ¼ ½1 3f 2ð0Þyð0Þ:
Recall that 1 3f 2ð0Þ > 0 when 05h5
ﬃﬃﬃﬃ
5
18
q
: So, to prove u0ð0Þ > 0 we only
need to show that yð0Þ > 0: Let Y ¼ t
2f 0
2
: Computations show that Y satisﬁes
Y 00  ð1 3f 2ÞY ¼ 2tf 00 þ f 0; Y 0ð0Þ ¼ 0:
Let z ¼ y  Y : Then z satisﬁes
z00 þ ð1 3f 2Þz ¼ tð1 3f 2Þf ; z0ð0Þ ¼ 0: ð3:23Þ
In order to prove the lemma we shall show zð0Þ > 0:
We claim that
Claim 3. zðtÞ > 0 for any t > 0:
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attains its minimum at some point t0 and zðt0Þ40: Hence, z00ðt0Þ50: So the
left-hand side of (3.23) is nonpositive at t0: However, the right-hand side is
positive at t0; a contradiction. This proves Claim 3. ]
Now we show zð0Þ > 0: Otherwise, we have zð0Þ ¼ z0ð0Þ ¼ 0: So zðtÞ ¼ Oðt2Þ
for all small t > 0: Then from (3.23) we have, for small t > 0;
z00ðtÞ ¼ ð1 3f 2Þðz tf Þ ¼ ð1 3f 2Þ½f ð0Þt þ Oðt2Þ50;
so z0ðtÞ5z0ð0Þ ¼ 0 and zðtÞ5zð0Þ ¼ 0; which contradicts Claim 3. So we must
have zð0Þ > 0: Now Lemma 3.7 is proved. ]
Proof of Theorem 3.4. First, we note that Lemma 3.6 is valid for any
sequence fðyl1 ; 0Þg; and the limit uniformly holds true for any such sequence.
Hence (3.4) is true. From (3.4) we have
j@2Hlðyl; 0Þj2 ¼
1
l2
j@2Hlðyl1 ; 0Þj
2 ¼
1
l2
jH 00ð0Þ þ lkrðy
l
1Þu
0ð0Þ þ oðlÞj2
¼
1
l2
fjH 00ð0Þj
2 þ 2lkrðyl1ÞH
0
0ð0Þu
0ð0Þ þ oðlÞg
¼
1
l2
fjf 00ð0Þj2  2lkrðyl1Þf
00ð0Þu0ð0Þ þ oðlÞg:
So (3.5) is true. ]
Proof of Theorem 1. As in the above we let H l ¼ curlAl: Recall that
jrH lj obtains its maximum only at @O: Let %Pl denote a maximum point of
jrH lj: In the y coordinates we can write %Pl ¼ ð %yl1; 0Þ: Since @1H
lð %yl1; 0Þ ¼ 0;
we have jrH lð %yl; 0Þj ¼ j@2H lð %yl1; 0Þj:
The results of Theorem 3.4 hold for the blow-up point ð %yl; 0Þ: As in (3.6)
we set
HlðyÞ ¼ H lð %yl1 þ ly1; ly2Þ:
Then, similar to (3.5) we have
jrHlð %yl; 0Þj2 ¼
1
l2
j@2Hlð %yl1; 0Þj
2
¼
1
l2
fjf 00ð0Þj2  2lkrð %yl1Þf
00ð0Þu0ð0Þ þ oðlÞg; ð3:24Þ
where f is the solution of (2.10) and u is the solution of (3.18). Recall that
f 00ð0Þ > 0 and u0ð0Þ > 0: Compare (3.5) (which is valid for any point ðyl1 ; 0ÞÞ
and (3.24) (for the maximum point ð %yl1; 0ÞÞ; we conclude that %y
l
1 must
approach the minimum point of the curvature kr: ]
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As mentioned in the Introduction, there is a functional E½A associated
with Eq. (1.1), see (1.6). One would try to solve (1.1) by ﬁnding a minimizer
of the functional E in the vector Sobolev space HðOÞ ¼ W 1;2ðO;R2Þ:
However, this does not work.
Lemma 4.1. E has no global minimizers in H2ðOÞ:
Proof. We only need to show that
inf
A2HðOÞ
E½A ¼ 1:
In fact, let B be a vector ﬁeld satisfying
l curlB ¼ h and div B ¼ 0 in O;
B  n ¼ 0 on @O:
Let A ¼ Bþrf: Then
E½A ¼ E½Bþrf ¼ 
1
2
Z
O
ð1 jBþrfj2Þ2 dxþ
1
2
 h2
 
jOj:
Choose a sequence ffjg such that
R
Oð1 jBþrfjj
2Þ2 dx!1 as j!1:
Then we have E½Bþrfj ! 1: ]
However, E does have a local minimizer.
Lemma 4.2. Assume that jhj4hnðlÞ; where hnðlÞ was given in Lemma 3.2.
Then the solution of (1.1) satisfying (1.2) is a local minimizer of E:
Proof. Let Al be a solution of (1.1) satisfying (1.2). Computations show
that, for any smooth vector ﬁeld B; we have
E00½AlðBÞ ¼ 2
Z
O
fl2 j curl Bj2 þ ð1 jAlj2ÞjBj2  2ðAl  BÞ2g dx
5 2
Z
O
fl2 j curl Bj2 þ ð1 3 jAlj2Þ j Bj2g dx:
Let X ¼ fA 2HðOÞ : jAðxÞj241
3
in Og: Then E is a convex functional on X
and is bounded from below. Hence E obtains its minimum on X: Let *A 2 X
be a minimizer. We shall show that *A  Al:
Recall that jAlj attains its maximum only on the boundary @O: Since
jAlðxÞj241
3
in O; Al is a critical point of E: Since E is a convex functional on
X; Al is also a minimizer of E in X: Thus E½ *A ¼ E½Al:
VORTEX NUCLEATION OF SUPERCONDUCTIVITY 167Suppose that *AcAl: For any 05t51; let At ¼ t *Aþ ð1 tÞAl: Since
j *AðxÞj251
3
on O; we have jAtðxÞj2513 in O: Therefore At is also a minimizer of
E and satisﬁes equation (1.1) in O: So E½At  E½A: Therefore, we have
0 ¼
d2
dt2
E½At ¼ E00½A
lð *A AlÞ
¼ 2
Z
O
fl2jcurlð *A AlÞj2 þ ð1 jAlj2Þj *A Alj2  2ðAl  ½ *A AlÞ2g dx
5 2
Z
O
fl2jcurlð *A AlÞj2 þ ð1 3jAlj2Þj *A Alj2g dx:
So *A Al  0 in O: In other words, we have proved that the solution of
(1.1) satisfying (1.2) is a minimizer of E in the set X: ]
Remark 4.3. The uniqueness of the solutions of (1.1) satisfying (1.2)
was shown in [BBC], see Lemma 3.2. In general, without restriction (1.2) we
do not have the uniqueness for the solutions of (1.1).
Note that (1.1) may have a solution A satisfying
jAj  1 and curlA  h in O; A  n ¼ 0 on @O: ð4:1Þ
Such solutions do exist in some domains. In fact, for any given h > 0; let
R ¼ 2=h and O ¼ RRð0Þ: Take the polar coordinates ðr; yÞ in BRð0Þ and deﬁne
A ¼ eiðyþfðrÞÞ; fðrÞ ¼ arcsin
hr
2
 
: ð4:2Þ
Then A is a solution of (1.1) satisfying (4.1). Note that E½A ¼ 0: However,
A =2HðOÞ since
divA ¼
1 h2r2
r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 1
2
h2r2
q :
Vector ﬁelds similar to (4.2) play an important role in the study of
asymptotic behavior of minimizers for the functional with curlA term, see
[PQ].
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